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Abstract. We employ the Cartan-Karlhede algorithm in order to completely
characterize the class of Go¨del-like spacetimes for three-dimensional gravity.
By examining the permitted Segre types (or P-types) for the Ricci tensor we
present the results of the Cartan-Karlhede algorithm for each subclass in terms
of the algebraically independent Cartan invariants at each order. Using this
smaller subset of Cartan invariants we express the scalar polynomial curvature
invariants for the Go¨del-like spacetimes in terms of this subset of Cartan in-
variants and generate a minimal set of scalar polynomial curvature invariants
that uniquely characterize metrics in the class of Go¨del-like spacetimes and
identify the subclasses in terms of the P-types of the Ricci tensor.
1. Introduction
The question of when two spacetimes in general relativity can be transformed
from one to another by a change of coordinates is known as the equivalence problem.
This is an important issue for solutions to the Einstein field equations, as one
would like to know when two solutions are related and hence describe the same
gravitational field. It can also be difficult to determine whether an effect derived
from the metric is due to the coordinates chosen or is of a real physical nature.
The solution to the equivalence problem concerns itself with obtaining an invariant
characterization of the local geometry of the spacetime, and provides a framework
from which the answers to these and other questions can be obtained [1, 2]. In
general, having an invariant description of a metric can be quite applicable and has
far-reaching consequences [3, 4, 5].
Mathematically, interest in the equivalence problem goes back to the time of
Gauss [3]. Christoffel was the first to investigate this problem for n-dimensional
Riemannian manifolds admitting no symmetries, and his work implied that for
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n = 4 the twentieth covariant derivative of the curvature tensor was required for
complete classification [6]. Cartan applied his method of moving frames in 1946 to
the classification of Lie pseudo-groups, and extended this approach to metrics ad-
mitting symmetries. In general, this approach required comparing the components
of the curvature tensor and its covariant derivatives up to n(n+1)/2-th order [3, 7].
Sternberg completed Cartan’s approach in the 1960’s, and with the development of
computer algebra systems Karlhede gave Cartan’s approach a true algorithmic form
and adapted it specifically for general relativity in 1980 [8, 9]. Algorithms using
the algebraic classification of the irreducible parts of the curvature spinor and the
Newman-Penrose spinor formalism have also been developed and implemented for
various computer algebra suites [10, 11, 12].
To determine if two spacetimes are equivalent we must construct a set of invari-
ants that are necessary and sufficient to characterize uniquely each spacetime. In
practice, there are two major approaches used to generate invariants: the Cartan-
Karlhede (C.K.) algorithm and scalar polynomial invariants (SPIs). Implementing
the C.K. algorithm for three-dimensional (3D) solutions requires knowledge of the
coframe formalism and the effect of frame transformations on the Ricci tensor and
its higher order derivatives. In comparison the computation of SPIs is straightfor-
ward, one merely takes the copies of the curvature tensor and its covariant deriva-
tives, and contract the indices to produce scalars. This procedure will give the
same result regardless of the choice of basis. Admittedly, the set of all SPIs, I, is
not sufficient to uniquely characterize all spacetimes. It has been shown that if a
spacetime is not uniquely characterized by I, it is either locally homogeneous or it
belongs to the class of degenerate Kundt metrics [13, 14, 15, 16].
For the class of spacetimes uniquely characterized by I, there are several unan-
swered questions relating to the minimal number of SPIs to compute, and the
highest order covariant derivative of the curvature tensor needed to completely
classify a spacetime. In four dimensions (4D) considerable effort has been focused
on studying the zeroth order scalar curvature invariants in order to determine the
minimal basis of algebraically independent invariants needed to generate any other
scalar curvature invariant [17]. However, less is known about the higher order SPIs
involving the covariant derivatives of the curvature tensor [18, 19].
Motivated by the results of [20] where the C.K. algorithm was employed to pro-
duce a minimal set of algebraically independent SPIs required for the 3D Szekeres
cosmological spacetimes using a 3D analogue of the Newman Penrose spinor for-
malism [2]. In this paper, we will use the 3D Go¨del-like spacetimes as an example
to argue that a set of SPIs chosen using the C.K. algorithm is sufficient to uniquely
characterize a spacetime. In section 2, we introduce the quantities required for the
coframe formalism in the Go¨del-like spacetimes. In section 3, we outline the C.K.
algorithm and present a lemma detailing the Segre types (or P-types in the notation
of [2]) for the Ricci tensor with corresponding constraints on the metric functions.
In section 4, for each P-type we present a summary of the ensuing iterations of the
C.K. algorithm. In Section 5, we identify the subset of algebraically independent
Cartan invariants and use them to generate a minimal set of SPIs that uniquely
characterize each subcase of the Go¨del-like spacetimes. In section 6 we conclude
the paper and discuss future work.
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2. The Coframe Formalism
The 3D Go¨del-like metric is defined as [1]
ds2 = −[dt+H(r)dφ]2 +D2(r)dφ2 + dr2.
Using the formalism in [2], with
F± = H ±D,(1)
the coframe {θa} may be written in compact form:
−n µ = θ0µ = −
1√
2
(dt+ F−dφ),
m µ = θ
1
µ =
√
2dr,(2)
−ℓ µ = θ2µ = −
1√
2
(dt+ F+dφ).
Here, greek indices will be used for the coordinate basis and the indices a, b, c...
denote the (co)frame basis. We will denote the frame basis by eµ0 = ℓ
µ, eµ2 = m
µ
and eµ2 = n
µ.
The connection one-forms, ωab = Γacbθ
c, which arise from the first Cartan struc-
ture equation and satisfy ωab = −ωba, are then:
ω01 =
F ′+
2
√
2D
θ0 − D
′
2
√
2D
θ2,
ω02 =
H ′
2
√
2D
θ1,
ω12 =
D′
2
√
2D
θ0 +
F ′−
2
√
2D
θ2,
where primes denote differentiation with respect to r. Using the second Cartan
structure equation, we can compute the Ricci tensor, Rab, and compute the quan-
tities defined in [2] for the trace-free part of the Ricci tensor Sab = Rab − R3 gab we
find that Ψ1 = S10 = 0, Ψ3 = S12 = 0 and the non-zero components are:
Ψ0 = S00 = −1
2
[
D′′
D
−
(
H ′
D
)2
−
(
H ′
D
)′]
Ψ2 = S11 = S02 = −1
6
[
D′′
D
−
(
H ′
D
)2]
Ψ4 = S22 = −1
2
[
D′′
D
−
(
H ′
D
)2
+
(
H ′
D
)′]
R = −1
2
[
4D′′
D
−
(
H ′
D
)2]
.
(3)
To normalize the components of the Ricci tensor we must use the frame transfor-
mations to bring the components in agreement with table 1 of [2]. To summarize
the frame freedoms we have a boost:
θ˜0 =
√
Aθ0, θ˜1 = θ1, θ˜2 =
1√
A
θ2,(4)
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and null rotations about nµ and ℓµ respectively:
θ˜0 = θ0, θ˜1 = θ1 +Bθ0, θ˜2 = θ2 +Bθ1 + B
2
2 θ
0,(5)
θ˜0 = θ0 + Cθ1 + C
2
2 θ
2, θ˜1 = θ1 + Cθ2, θ˜2 = θ2,(6)
While we will work primarily with these Lorentz transformations, at times it will
be helpful to express the null coframe as an orthonormal coframe {tµ, xµ,mµ} and
rotate the spatial one-forms xµ and mµ.
3. The Zeroth iteration of the C.K. Algorithm: Segre types for the
Go¨del-like Spacetimes
To put the Segre types into context, we reiterate the five steps of the Karlhede
algorithm for the zeroth iteration, q = 0, for each P-type:
(1) Calculate the set Rq, the components of the derivatives of the curvature
up to the q-th order.
(2) Fix the frame as much as possible by putting the elements of Rq into a
canonical form.
(3) Find the frame freedom given by the isotropy group Hq of transforma-
tions which leave the canonical form (also known as normal form) of Rq
unchanged.
(4) Find the number tq of functionally independent functions of spacetime co-
ordinates in the elements of Rq.
(5) For q > 0, if the isotropy group Hq is the same as Hq−1 and the number of
functionally independent functions tq is equal to tq−1 , then let q = p + 1
and stop. Otherwise set q = q+ 1 and repeat steps 1-5 until the algorithm
stops.
By studying the effect of the frame transformations which do change the form
of the Ricci tensor, we may use the frame transformations to fix the coframe and
determine all possible Segre types. For example, in the general case of the Go¨del-
like spacetimes with Ricci tensor of Segre type [11,1], SO(1, 2) acting as the frame
transformation group may be entirely fixed to put the tensor into the canonical
form for P-type I (or IZZ) defined below. Contrast this with the opposite extreme,
when the Ricci tensor is of Segre type [(11,1)] and all of the frame transformations
leaves the Ricci tensor unchanged.
Noting that for the Go¨del-like spacetimes Ψ1 = Ψ3 = 0, we have the following
distinct subclasses.
Lemma 3.1. The Go¨del-like spacetimes admit the following Segre types for the
Ricci tensor, which gives constraints on the metric functions D(r) and H(r) and a
canonical form for the Ricci tensor:
• [11, 1] (P- type I or IZZ) if D(r) and H(r) satisfy
D′′
D
−
(
H ′
D
)2
= f,
where f is an arbitrary non-vanishing function with f < 0 for P-type I and
f > 0 for P-type IZZ.
Applying a boost (4), the components of the Ricci spinor are:
Ψ˜0 = Ψ˜4 =
√
|Ψ0Ψ4|, Ψ˜2 = Ψ2, R˜ = R,
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where the original components are defined in equation (3)
• [1zz¯] (P- type IZ) if for an arbitrary function f(r) with f ′ 6= 0:
H ′
D
= f(r),
D′′
D
− f2 = 0.
The components of the Ricci tensor are:
Ψ0 = −Ψ4 = 1
2
f ′, Ψ2 = 0, R = −3
2
f.
• [12] (P-type IIZ), if for an arbitrary function f(r) with f ′ 6= 0:
H ′
D
= f(r),
D′′
D
− f2 + f ′ = 0.
Applying a boost (4), the components of the Ricci tensor are:
Ψ˜0 = 1, Ψ˜4 = 0, Ψ˜2 =
f ′
6
, R˜ = −1
2
[3f2 + 4f ′].
• [(11), 1] (P-type DZ) if
H ′ = CD, C ∈ R.
The components of the Ricci tensor are:
Ψ0 = Ψ4 = 3Ψ2 = −1
2
[
D′′
D
− C2
]
, R = −1
2
[
4D′′
D
− C2
]
.
• [(11, 1)] (P-type O) if
H ′ = CD, D′′ − C2D = 0, C ∈ R.
The components of the Ricci tensor are:
Ψ0 = Ψ4 = 3Ψ2 = 0, R = −3C
2
2
.
For each P-type of the Ricci tensor, we have a separate instance of the C.K.
algorithm. We can use the components of the Ricci tensor in normal form to
produce simpler invariants, and as they are all functions of r we have at most
one functionally independent function allowing us to identify t0 for each case. The
dimension of the isotropy group, H0, of the Ricci tensor (R0) is found by counting
the remaining frame freedom; for all P-types except P-type DZ the dimension is
dim(H0) = 0, while P-type DZ has dim(H0) = 1. To continue, we set q = 1 and
evaluate the covariant derivative of the Ricci tensor to compute R1.
In general, to distinguish a 3D Go¨del-like spacetime from another 3D spacetime,
the C.K. algorithm requires the form of the Ricci tensor and its covariant derivatives
up to appropriate order relative to a fixed coframe. However, we are interested
in uniquely characterizing spacetimes within the Go¨del-like spacetimes, we will
only focus on the algebraically independent invariants. For the class of Go¨del-like
spacetimes, the form of these invariants will be sufficient to determine if two Go¨del-
like spacetimes are distinct or not, since all other components of the Ricci tensor
and its covariant derivatives will be expressed in terms of the algebraic independent
invariants in a generic manner.
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4. The first iteration of the Cartan-Karlhede algorithm
The next iteration of the C.K. algorithm requires that we must compute the
covariant derivative of the Ricci tensor, or equivalently covariant derivatives of the
Ricci spinor, although we will focus on tensors due to the simplicity of the metric.
It is here, where the frame derivatives of the Ricci tensor and the spin-coefficients
are introduced as potential invariants. This can be seen by using the formula for
the covariant derivative:
Rab;c = ∇cRab = Rab,c −RdbΓdca −RadΓdcb.(7)
We will repeat the analysis of the C.K. algorithm for those Go¨del-like spacetimes
admitting a Ricci tensor with each P-type listed above.
4.1. P-type I or IZZ. According to Lemma (3.1) at zeroth order the set of func-
tions {R,Ψ2,Ψ0} are all non-constant invariants. With some algebra, these give
rise to a simpler but algebraically equivalent set
{
(H
′
D
)2, D
′′
D
,
(
H′
D
)′}
; the num-
ber of functionally independent invariants is t0 = 1 as these are all functions of r
alone. We have fixed all of the isotropy at first order (dim(H0) = 0) and produced
one functionally independent invariant and two essential algebraically independent
classifying functions,
{I0, I1, I2} =
{(
H ′
D
)2
,
D′′
D
,
(
H ′
D
)′}
.
We proceed to the next iteration of the algorithm to show that the algorithm
must terminate, since dim(H1) = 0 and t1 = 1, and more importantly, to collect all
essential classifying functions. As all isotropy has been fixed, the metric coframe
is an invariant coframe, and so the frame derivatives of all zeroth order invariants
are now invariants as well. Using this fact we may solve for the frame derivatives
of the Ricci tensor components Ψ0,Ψ2 and R and the spin-coefficients [2] from the
components of the covariant derivative of the Ricci tensor:
κ =
AF ′+
2
√
2D
, σ = 0, τ = D
′
2
√
2D
,
ǫ = 0, 2α = H
′
2
√
2D
+ e1(A)
A
, γ = 0,(8)
π = − D′
2
√
2D
, λ = 0, ν =
F ′
−
2
√
2AD
,
where the boost parameter in (4) is defined as A =
√
Ψ0
Ψ4
.
There are four algebraically independent invariants appearing at first order.
From the spin-coefficients we find 2
√
2τ = (lnD)′ and α from which we can solve for
the sign of H ′/D. Taking linear combinations of the frame derivatives of Ψ2 and R
we have two algebraically independent invariants, namely e2(I1) and e2(I2). Thus
the list of algebraically independent invariants required to classify the spacetime is
{I0, I1, I2; I3, I4, I5, I6} =
{(
H′
D
)2
, D
′′
D
,
(
H′
D
)
′
; D
′
D
,
(
D′′
D
)
′
,
(
H′
D
)
′′
, sign
(
H′
D
)}
.(9)
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4.2. P-type IZ. According to Lemma (3.1), at zeroth order the set of functions
{R,Ψ0} are the only non-constant invariants, which give rise to the simpler set of
invariants:
{I0, I1, I2} =
{
f2, f2, f ′
}
.
The number of functionally independent invariants is t0 = 1 as these are all func-
tions of r alone. We have fixed all of the isotropy at first order (dim(H0) = 0) and
produced one functionally independent invariant and one algebraically independent
essential classifying function.
The algorithm stops at first order since dim(H1) = 0 and t1 = 1. The metric
coframe is an invariant coframe, and so we may separate the spin-coefficients and
the frame derivatives of the Ricci tensor components [2] from the components of
the covariant derivative of the Ricci tensor. Comparing with (9), the number of
algebraically independent invariants has been reduced:
{I0, I1, I2; I3, I4, I5, I6} =
{
f2, f2, f ′;
D′
D
, 2f ′f, f ′′, sign(f)
}
.(10)
4.3. P-type IIZ. From Lemma (3.1), at zeroth order the set of functions {R,Ψ2}
are non-constant invariants, from which we have the following set of invariants{
f2, f ′
}
. The number of functionally independent invariants is t0 = 1, and we
have fixed all of the isotropy at zeroth order, yielding the following set of invariants
{I0, I1, I2} =
{
f2, f2 − f ′, f ′} .
Yet again, the frame is an invariant coframe and we can isolate the invariants in
(9) from the components of the covariant derivative of the Ricci tensor to completely
classify this spacetime:
{I0, I1, I2; I3, I4, I5, I6} =
{
f2, f2 − f ′, f ′; D
′
D
, 2f ′f − f ′′, f ′′, sign(f)
}
.(11)
As in the previous case, the number of algebraically independent Cartan invariants
has been reduced.
4.4. P-type DZ. Lemma (3.1) indicates that at zeroth order the set of functions
{R,Ψ2} are the only distinct non-constant invariants. The number of functionally
independent invariants is t0 = 1. Thus, we have fixed most of the isotropy at first
order except spatial rotations, i.e., dim(H0) = 1, and the reduced Cartan invariants
are
{I0, I1, I2} =
{
C2,
D′′
D
, 0
}
.
At the first iteration the metric coframe is not yet an invariant coframe, and so
we must be careful with taking frame derivatives of invariants until an invariant
coframe is determined. To entirely fix the frame, we consider the transformation
rules for the spin-coefficients under an element of SO(2):
(ℓ+ n)′ = LHS, (ℓ− n± 2im)′ = e∓it˜(ℓ− n± 2im).
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This produces the following transformation rules for the spin-coefficients and cur-
vature components [2]:
(γ + σ − ǫ − λ)′ = LHS,
(4α+ κ− π + ν − τ)′ = LHS,
(2(γ + ǫ)± i(κ− π + τ − ν))′ = e±it˜LHS,
(4α+ π − κ+ τ − ν +±2i(ǫ− γ + σ − λ))′ = e±2it˜LHS,
(λ+ σ − γ − ǫ+±i(π − τ))′ = e±it˜(LHS − δt˜∓ i2 (Dt˜−∆t˜)),
(κ+ π + ν + τ)′ = LHS − (Dt˜+∆t˜),
(Ψ0 + 2Ψ2 +Ψ4)
′ = LHS,
(Ψ0 −Ψ4 ± 2i(Ψ1 +Ψ3))′ = e∓it˜LHS,
(|Psi0 − 6Ψ2 +Ψ4 ± 4i(Ψ1 −Ψ3))′ = e∓2it˜LHS.
Substituting the non-zero spin-coefficients and curvature components (8) we find
the simpler transformation rules for the Go¨del-like spacetimes:
2γ′ = 0, σ′ − λ′ = 0, 8α′ = 8α, ν′ = 2α′ + τ ′, κ′ = 2α− τ ′,
2[π′ + τ ′] = −Dt˜−∆t˜, 2σ′ ± i(π′ − τ ′) = e±it˜[−δt˜∓ i(2τ − Dt˜2 + ∆t˜2 )]
Comparing with the spin-coefficients of original frame (with A = 1): τ = −π,
κ = 2α + τ , and ν = 2α − τ ; we conclude that setting the rotation parameter t˜
to zero is the best choice. Any other choice of t˜ 6= 0 would cause σ 6= 0, τ 6= π,
and the frame derivatives of any scalar with respect to e0 and e2 to be non-zero;
effectively increasing the number of invariants instead of decreasing the number.
Fixing t˜ = 0, and simplifying the components of covariant derivative of the
Ricci tensor, one finds the first order invariants are e1(Ψ2), e1(R), and the spin
coefficients. Of the spin-coefficients, the only algebraically independent invariant
appears in α, since τ = −π does not appear in the first covariant derivative of the
Ricci tensor. Noting that C − 4√2α = 0, α provides a useful discrete invariant
as the sign of the constant C. Returning to the frame derivatives, we have one
algebraically independent invariant appearing: e1(I2). Thus the list of invariants
required to classify the spacetime is:
{I0, I1, I2; I4, I5, I6} =
{
C2,
D′′
D
, 0;
(
D′′
D
)′
, 0, sign(C)
}
.
4.4.1. The second iteration of the Cartan-Karlhede algorithm: P-type DZ. Apply-
ing the frame derivatives to the first order invariants, we produce two new alge-
braically independent classifying function:
{I0, I1, I2;I4, I5, I6; I3I4, I7} ={
C2,
D′′
D
, 0;
(
D′′
D
)
′
, 0, sign(C);
D′
D
(
D′′
D
)
′
,
(
D′′
D
)
′′
}
.
(12)
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We note that, if I4 6= 0 then we can isolate I3. However, for the P-type DZ
spacetimes, if I4 = 0 then all appearances of I3 vanish within the components of
the second covariant derivative of the Ricci tensor.
4.5. P-type O. As all components of the Ricci tensor are constant, using Lemma
(3.1) and the form of the spin-coefficients (8), one may show that the covariant
derivative of the Ricci tensor is zero. We conclude that these are locally homoge-
neous spaces which are fully determined at zeroth order by the constant C2. In
fact, the P-type O Go¨del-like spacetimes are all isometric to the 3D anti-de Sitter
spacetime.
5. Characterization of the Go¨del-like spacetimes using Scalar
polynomial invariants
To begin, we consider the Cartan invariants of the P-type I (or IZZ) 3D Go¨del-
like metric and compare them to the SPIs given in [19]. In section 4.1 we found that
the algebraically independent invariants required for classification of the P-type I
metrics are
{I0,I1, I2; I3, I4, I5, I6} ={(
H ′
D
)2
,
D′′
D
,
(
H ′
D
)′
;
D′
D
,
(
D′′
D
)′
,
(
H ′
D
)′′
, sign
(
H ′
D
)}
.
(13)
Calculating the SPIs and making the substitutions for the zeroth order Cartan
invariants:
H ′
D
= I6
√
I0,(14)
D′′
D
= I1,(15)
H ′′
D
=
H ′′
D
−
(
H ′
D
)
′
+
(
H ′
D
)
′
(16)
=
H ′′
D
−
(
H ′′
D
− H
′
D
D′
D
)
+
(
H ′
D
)
′
=
√
I0I6I3 + I2.
The three zeroth order SPIs in [19] are:
R0 = R
a
a = −1/2 4 (D)D
′′ − H ′2
D2
= −2 I1 + 1/2 I0,(17)
R1 = R
abRab = 2 I1
2 − 2 I1I0 + 3/4 I02 − 1/2 I22,(18)
R2 = R
abR ca Rbc = −2 I13 + 3 I12I0 − 3/2 I1I0 2 + 3/4 I1I22 + 1/8 I03,(19)
which are polynomials in
√
I0, I1, I2.
At the next order, we make the similar substitutions to express nine of the first
order SPIs in terms of the Cartan invariants. Here we give only five; all three of
the case [1, 1] and two of the case [1, 1, 1, 1] in the categorization of [19]:
R3 = R
;aR;a =
(√
I0I6I2 − 2 I4
)2
,(20)
R4 = R
bc;dRbc;d = −I03 + 2 I42 − 1/2 I52 − I12I0 + 2 I1I02 + I1
√
I0I5(21)
− I3I03/2I2 − 5
√
I0I2I4 + I1I3
√
I0I6I2 − I03/2I5
+
23
4
I0 I2
2 − 1/2 I32I22,
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R5 = R
bc;dRbd;c = 1/2 I0
3/2I3I2 − 1/2 I1I3
√
I0I2 +
9
8
I0 I2
2 + I4
2(22)
+ 1/2 I0
3 + 1/2 I1
2I0 − I1I02 − 1/2 I1
√
I0I5
− 3/2√I0I6I2I4 + 1/2F2I5I2 + 1/2 I03/2I5,
R6 = R
;cRc
e;fR;eR;f =
(√
I0I6I2 − 2 I4
)3 (√
I0I6I2 − I4
)
,(23)
R7 = R
;aR b;ca R
d
c ;bR;d =
1
8
(√
I0I6I2 − 2 I4
)2 (
9 I0 I2
2 − 16√I0I6I2I4 + 8 I42
)
.(24)
The other SPIs give more expressions of the same form: they are polynomials in{√
I0, I1, I2; I3, I4, I5, I6
}
.
While we have only considered P-type I, the SPIs we have listed above may be
adapted to the Go¨del-like spacetimes of P-type IZ, and IIZ. These two P-type is
can be identified by the following syzygies between the zeroth order SPIs, which
are unique to their P-type:
P-type IZ
R1R0 +R2 =
16
9
R0;(25)
P-type IIZ
R2 −R1R0 + 2
9
R30 =
1
36
(6R1 + 2R
2
0)
3
2 .(26)
The reduction in the number of algebraically independent Cartan invariants chang-
ing from P-type I to IZ or IIZ is also reflected in the set of algebraically independent
SPIs.
In the case of P-type DZ and O, the different structure of the algebraically
independent Cartan invariants:
{I0, I1, I2;I4, I5, I6; I3I4, I7} ={
C2,
D′′
D
, 0;
(
D′′
D
)
′
, 0, sign(C);
D′
D
(
D′′
D
)
′
,
(
D′′
D
)
′′
}
,
is reflected in the set of SPIs. Since the Cartan invariants I2 and I5 vanish, this
eliminates I3 from the set of SPIs (17)- (19) and (20)-(24). While P-type O is easily
identified from the SPIs, P-type DZ can be determined by checking the following
two syzygies for the first order SPIs:
R24 = 2R6, and R
2
4 = 4R7(27)
In this case we must introduce two second order SPIs to recover the Cartan invari-
ants I3 and I7. Two possibilities are:
R8 = R3;aR
3;a =
√
24I4I7(28)
and
R9 = S
abScdSab;cd =
1
3
I40 − I30I1 −
2
9
I20I7 −
2
9
I20I3I4 + I
2
0I
2
1
+
4
9
I0I1I7 +
4
9
I0I1I3I4 − 1
3
I31I0 −
2
9
I21I7 −
2
9
I21 I3I4.
(29)
Including these two SPIs we now have a set containing all of the algebraically in-
dependent Cartan invariants. This set will characterize the P-type DZ spacetimes.
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We have found that a representative sample of the SPIs can be expressed as
polynomials in (the square root of) the Cartan invariants. As any combination of
invariants is an invariant, this suggests that an appropriate choice of the above ten
SPIs may be sufficient to classify all Go¨del-like metrics, as long as one is concerned
with functional dependence.
6. Conclusion
In this paper we have applied the Cartan-Karlhede algorithm to the 3D Go¨del-
like spacetimes to generate a sequence of algebraically independent Cartan invari-
ants that fully characterize each subclass of these spacetimes. Beyond the ability of
the Cartan invariants to classify all spacetimes, including the locally homogeneous
spacetimes and the degenerate Kundt spacetimes [13, 14, 15, 16], the invariants
arising from the C.K. algorithm provide a helpful framework to study SPIs for
spacetimes which are characterized by I. While the invariants in each sequence can
only be considered as an invariant relative to the choice of a particular coframe;
in theory, working with such a coframe is not a hindrance [4]. However, in some
applications choosing this frame may not be possible, such as in higher dimensions
and in numerical GR. In these circumstances, SPIs are better suited as invariants.
As the Go¨del-like spacetimes are characterized by I, we have examined the set
of SPIs formed from the Ricci tensor, and its covariant derivatives up to second
order. By comparing with the results of the C.K. algorithm we have identified a
minimal subset of SPIs which uniquely characterize these spacetimes, and identify
the various subcases relative to P-type in terms of additional syzygies between the
SPIs. This work is meant to be a continuation of [20], where a minimal basis
of algebraically independent SPIs were determined for the Szekeres cosmological
spacetimes using the C.K. algorithm. Unlike the Go¨del-like spacetimes, the Szekeres
spacetime does not contain subcases of differing P-type and did not illustrate the
ability of the chosen SPIs to distinguish P-type.
We believe this approach will be helpful for identifying a minimal set of SPIs
(up to the appropriate order) needed to uniquely characterize a spacetime. While
the Newman-Penrose formalism is already employed in 4D for the zeroth order
invariants [17], the C.K. algorithm allows for a reduction of the number of non-
zero independent components of the covariant derivatives of the curvature tensor.
It has been shown that partial knowledge of the Cartan invariants allows for the
manipulation of first order SPIs [5, 21, 22], this suggests we can potentially simplify
the form of any higher order SPIs using the C.K. algorithm. In future work we will
explore the implications of the C.K. algorithm for general spacetimes of fixed P-type
using the 3D spinor formalism, and extend this procedure to higher dimensions [5].
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